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1 Introduction 

For a graph G = {V, E), a function L) : y ^ N is called a distribution on the vertices ofG, or a distribution 
on G. We usually imagine that D{v) pebbles are placed on v for each vertex v ^ V . Let \D\ denote 
the size oi D,\.e. \D\ = Yj D{v). For two distributions D and D' on G, we say that D contains D' if 



D'{v) < D{v) for all v ^ V . We allow pebbling moves on the graph, and define the pebbling number, 
the optimal pebbling number, the t-pebbling number, and the optimal t-pebbling number of a graph as 
follows: 

Definitions: A pebbling move in G takes two pebbles from a vertex v £ V, which contains at least two 
pebbles, and places a pebble on a neighbor of v. For two distributions Di and D2, we say that D2 is 
reachable from Di if there is some sequence of pebbling moves beginning with Di and resulting in a 
distribution which contains D2. We say the distribution D is solvable, (respectively, t-solvable), if every 
distribution with one pebble (respectively, t pebbles) on a single vertex is reachable from D. 

The traditional pebbling number, and t-pebbling number of a graph G, denoted vr(G) and TTt{G) 
respectively, were defined by Chung [H. The optimal pebbling number and optimal t-pebbling number of 
G, denoted vr* (G) and vr^ (G) respectively, were defined by Pacther, Snevily, and Voxman |8l. We give 
those definitions now. 

Definitions (Chung QJ and Pachter et al. (8j): The t-pebbling number of G is the smallest number 
TTt{G) such that every distribution D with \D\ > TTt{G) is t-solvable. The optimal t-pebbling number 
of G, denoted vr^(G), is the smallest number such that some distribution with ntiG) pebbles is t- 
solvable. In both cases we omit the t when t = 1. Thus, the pebbling number of G is vr(G) = niiG) and 
the optimal pebbling number of G is 7r*(G) = vr|(G). 

The pebbling number was generalized in ||5l to allow for an arbitrary set of target distributions. 
We define this generalization and extend it to define the optimal pebbling number of a set of distri- 
butions on G. 
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Definitions (|5|): Let 5 be a set of distributions on a graph G. We say a distribution D is S-solvable 
if every distribution in S is reachable from D. The pebbling number of S in G, denoted 7r(G, 5), is 
the smallest number such that every distribution D with \D\ > it{G,S) is 5-solvable. The optimal 
pebbling number of S in G, denoted 'k*{G,S), is the smallest number such that some distribution D 
with \D\=TT*{G, S) is cS-solvable. 

If St{G) consists of all distributions with t pebbles on a single vertex, we have vr(G, Si) = ■7t{G), 
7T*{G,Si{G)) = 7r*{G), Tr{G, St{G)) = TTtiG), and Tr*{G,St{G)) = 7r*{G). 

2 Graham's Conjecture and Generalizations in Optimal Pebbling 

Graham's Conjecture asserts a bound on the pebbling number of the Cartesian product of two graphs. 
Definition: If G = {V,E) and G' = {V',E') are two graphs, their Cartesian product is the graph 
GoG' whose vertex set is the product 

Vgug' = VxV' = {{x,x') : X G G V], 

and whose edges are given by 

Egug' = {{{x, x'), {y, x')) : (x, y) e E} U {{{x, x'), {x, y')) : (x', y') G E']. 

We also write G'^ for the graph GDGD • • • nG with d copies of G in the product. Throughout this 
paper we follow that convention that G = {V, E) and G' = {V , E'). 
Chung m attributed Conjecture 12. II to Graham. 

Conjecture 2.1 (Graham's Conjecture) For any graphs G and G' , we have tt{GoG') < tt{G)tt{G'). 

Conjecture 12. 1 1 was generalized in IS] to accommodate the more general definitions of pebbling num- 
bers with arbitrary sets of target distributions. The following definition of products of distributions 
first appeared in ||3j and the definition of products of sets of distributions appeared in [51 . 
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Definition dUKSj): If D and D' are distributions on G and G' respectively, then we define D ■ D' as 
the distribution on GoG' such that 

{D-D'){{x,x')) = D{x)D'{x') 

for every vertex {x,x') G V{GoG'). Similarly, if S and S' are sets of distributions on G and G' 
respectively, then S ■ S' is the set of distributions onGoG' given by 

S -S' = {D ■ D' : D e S andD' e S'} 

Also, for any integer s we define the distribution sD by {sD){x) = sD{x) for all x ^V. 

Conjecture 2.2 (fSl) For all graphs G and G', and all sets of distributions S and S' on G and G' respectively, 
wehaveTr{GaG',S -S') < Tr{G,S)Tr{G' ,S'). 

In this section we prove the analog of Conjecture |2.2| for optimal pebbling. 

Theorem 2.3 Let D be an S-solvable distribution on G and let D' be an S'-solvable distribution on G'. 
Then D ■ D' is an {S ■ S')-solvable distribution on GdG'. In particular, we have 'it*{GdG',S ■ S') < 
tt*{G,S)tt*{G',S'). 

To show this, we first establish a few lemmas. 

Lemma 2.4 If Di and D2 are distributions on the graph G such that D2 is reachable from Di, then for any 
integer s, the distribution SD2 is reachable from sDi. 

Proof: The distribution sDi may be regarded as s distinct copies of Di . We can reach D2 from each 
copy of Di, so SD2 is reachable from sDi. □ 

Lemma 2.5 Let G and G' be graphs. If Di and D2 are distributions on G such that D2 is reachable from Di, 
then for any distribution D' on G' , D2 ■ D' is reachable from Di ■ D'. 
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Proof: For each {xi,yj) € V{GoG'), the number of pebbles on {xi,yj) in the distribution Di ■ D' is 
given by (L>i • D'){{xi, yj)) = Di{xi)D' (yj). Fix yj G V. We write Ga{yj} for the subgraph of QaG' 
induced by the vertices whose second coordinate is yj. Then Go{yj} = G, and if we restrict Di ■ D' to 
Go{yj}, we obtain the distribution D'{yj)Di. Since yj is fixed, D'{yj) is a constant, so by Lemma IZ4l 
the distribution D'{yj)D2 is reachable in Go{yj}. Repeating this for each yj G V', we end up with a 
distribution in which each {xi,yj) has at least D2{xi)D'{yj) = {D2 ■ D'){{xi,yj)) pebbles, so D2 ■ D' is 
reachable from Di ■ D' . □ 

We are now ready to prove Theorem |2.3[ 
Proof of Theorem (23) Let D and D' be S- and ^'-solvable distributions on G and G' respectively. To 
show that D • D' is {S • 5')-solvable on GoG' , let A be a distribution in S • S' . Then we can write 
A = Di ■ D'j for some Di £ S and D'j € S'. Also, Di is reachable from D and D'j is reachable from D'. 
Thus, by Lemma |231 Di ■ D'j is reachable from D ■ D'j, which is reachable from D-D'. 

If we choose D and D' so that \D\ = 7r*{G) and \D'\ = tt*{G'), we have 

\D-D'\=Y^ E D{x.)D'{yj) = E ^(^^) E ^'(y^^ = i^ii^'i- 

Thus, D • 15' is an (5 • cS')-solvable distribution on GaG' with \D\\D'\ = 7r*{G,S)7r*{G' ,S)} therefore 
Tr*iGaG',S -S') < 7r*(G, 5)7r*(G', 5'), as desired. □ 
Corollaries l2.6l and l2.7l follow immediately from Theorem l2.3[ Fu and Shiue ||2| announced Corol- 
lary l2.7l the optimal pebbling analog to Graham's Conjecture. Shiue proved it in (H. 

Corollary 2.6 For all graphs G and G' and all positive integers s and t, we have 7r*^{GoG') < vr* (G)7r^ (C). 



Corollary 2.7 (Fu and Shiue (HIIJ) For all graphs G and G', we have 7r*{GaG') < 7r*(G)7r*(G'). 
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3 Products of Complete Graphs 

Our work in Section |2] puts an upper bound on vr^ {GoG'). In this section, we improve those bounds 
when G and G' are complete graphs. Our main result is Theorem l3.1l 



Theorem3.1 For any graph G and any positive integer t, we have i:^) '^2t(^) ^ '^HG^Kn) < T^2ti^)- 



Lemma |3^ helps us find the optimal t-pebbling number of a complete graph (Theorem |3.3D . 
Definition: Given any distribution of pebbles on the vertices of the graph G, we say the vertex v is 
odd or even, depending on whether it has an odd or an even number of pebbles on it. 

Lemma 3.2 Let t and n he positive integers, and suppose we have a t-solvable distribution with 7r^{Kn) 
pebbles on the vertices of Kn- Then: 

1. If the vertex Vi is odd, then every other vertex has at least as many pebbles as Vi. 

2. There are at most two odd vertices. 

3. If there are two odd vertices in Kn, then moving a pebble from one of these vertices to the other creates 
another t-solvable distribution. 

In particular, some t-solvable distribution o/7r|(i^„) pebbles on Kn has at most one odd vertex. 

Proof: Removing a pebble from an odd vertex Vi does not affect the number of pebbles that may be 
moved to any other vertex; thus, every other vertex may still receive t pebbles. Since there would 
now be fewer than TTl{Kn) pebbles, Vi could no longer receive t pebbles. If another vertex Vj started 
with fewer pebbles than Vi, we could use the pebbles now on Vi and Vj to put at least as many pebbles 
on Vi as on Vj, and any pebbles that could be moved to Vj from other vertices could also be moved 
to Vi. Thus, we could put at least as many pebbles on Vi as on Vj, contradicting our assertion that t 
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pebbles can be moved to Vj, but not to Vi. Therefore, every other vertex has at least as many pebbles 
as the odd vertex Vi. 

If there are two or more odd vertices in Kn, we remove a pebble from each of these vertices 
and add two pebbles to any vertex, say vi . Now every vertex can receive at least as many pebbles 
as it could from the original distribution: if the target originally was odd, the first move would be 
from vi to the target. We therefore have a t-solvable distribution in which every vertex is even. 
Furthermore, if we originally had three or more odd vertices, this distribution would have fewer 
pebbles, contradicting the hypothesis that the original distribution had vr^ (Kn) pebbles. □ 

Theorem 3.3 For any positive integers n and t, let q = t div (n + 1) and let r = t mod (n + 1). Thus, 
t = {n + l)q + r. Then vr^ (Kn) is given by 

2t — 2q = 2nq + 2r ifr < n 

2t-2q-l = 2nq + 2n-l ifr = n 
In particular, vtj = 2t if and only ift<n. 

Proof: First note that if we put 2q + 2r pebbles on one vertex and we put 2q pebbles on every other 
vertex, then we can move an additional {n—l)q+r pebbles onto any vertex that starts with 2q pebbles, 
and we can move {n — \)q additional pebbles onto the vertex that starts with 2q + 2r pebbles. In either 
case, we can move at least t = {n + l)q + r pebbles to any target, including the pebbles that start there. 
Thus, TT*t{Kn) < 2ng + 2r. 

We now consider whether a i-solvable distribution in Kn could have fewer than 2nq + 2r pebbles. 
Let Vi be the vertex with the fewest pebbles, and suppose it has pi pebbles. Adding t — pi pebbles 
to Vi costs at least 2{t — pi) pebbles. Therefore, including the pebbles that started on Vi, the original 
distribution has at least 2t — pi pebbles. If this is less than 2nq + 2r = 2t — 2q, then pi > 2q. 

If Pi > 2q + 2, every vertex has at least 2q + 2 pebbles, and so the distribution uses {2q + 2)n = 
2nq + 2n> 2nq + 2r pebbles. Therefore, we assume pi = 2q + 1. Now by Lemma |3^ we may assume 



every other vertex has at least 2q + 2 pebbles, so we have already accounted for {2q + 2)n — 1 = 
2nq + 2n — 1 pebbles. The only way this can be smaller than 2nq + 2r is if r = n. Now we simply 
observe that if r = n and 2(7 + 1 pebbles are on Vi and 2q + 2 pebbles are on every other vertex, then 
a total of {2q + \) + {n — l){q + \) = (n + \)q + n = t pebbles can be moved to Vi, and similarly, 
{2q + 2) + (n — 2)(g + 1) + g = (n + l)q + n = t pebbles can be move to any other vertex. Finally, 
vTj {Kn) = 2t if and only if g = and r < n,i. e. if and only ift<n. □ 
The optimal t-pebbling number is not generally monotone, in the following sense. If it is large 
for a particular graph, it can be reduced significantly by the addition of a single vertex adjacent to all 
others. However, for complete graphs the parameter is nondecreasing. 

Proposition 3.4 For every graph G and every positive integer n, we have vr^ < vr^ (Kn+iOG). 

Proof: Given any distribution D : GaKn+i N, let g{D) : GaKn ^ N be the distribution on GaKn 
defined by 

D{v, Wi) if i < n 

D{v,Wn) + D{v,Wn+i) if i = n. 
Then any pebbling move from D to D' in GoKn+i can be shadowed by moves from g{D) to a dis- 
tribution that contains g{D') in GoKn- moves from {v, Wn) to {v, Wn+i) or vice versa may be ignored, 
other moves from D to D' either from, to, or within can be made from g{D) to g{D') us- 

ing Go{vn} instead, and moves from D to D' that do not use can be made unchanged 

from g{D) to g{D'). Therefore, if is a t-solvable distribution on Gc\Kn+i then g{D) is a t-solvable 
distribution on GuKn- Since \g{D)\ = \D\, we have 7rJ'(GnK„) < ^(GnKn+i). □ 
Corollary 13.51 follows from Proposition l3.4l by induction on n, starting with n = m as a basis. 

Corollary 3.5 For every graph G and all positive integers m and n with m < n, we have ^^{GoKm) < 



ig{D)){v,Wi) = { 
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Definitions: Given a distribution D : V{GaG') ^ N on GaG' and a subset S C V', we define the 
distribution fsiD) : V ^ N on G by 

{fs{D)){u)= D{u,v) + 2Y,D{u,v). 

for every u £ V. In other words, we count every pebble on a vertex whose coordinate in G' is in S 
twice and every other pebble once. If the vertices of G' are {1^1,^2, ■ ■ ■ ,Vn}, we define fi{D) by 

Lemmas I3.6l and l3.7l are key to proving Theorem l3.8l which is the upper bound in Theorem 13 .11 

Lemma 3.6 Let S be any nonempty subset S C V', and suppose there is a sequence of pebbling moves in 
GoG' from Dq to Dk- Then there is a sequence of pebbling moves in G from fs{Do) io a distribution that 
contains fs{Dk)- In particular, if\fs{DQ)\ < 7r2j(G), then Dq cannot be t-solvable in GoG'. 

Proof: Let Dq, Di, . . . , Dj. be the sequence of distributions in GOG' after each pebbling move. We 
show by induction that we can shadow each pebbling move in GoG' with moves in G. Toward 
that end, suppose that there is a sequence of pebbling moves in G from fs{Do) to a distribution that 
contains fs{Di). The basis i = is trivial. 

Suppose going from Di to -Dj+i requires a move from (n, vi) to {u, V2)- Then the pebbles involved 
in the move add either four or two pebbles to it in fs{Di), depending on whether vi G S, and they 
add either two pebbles or one pebble to u in /^(Dj+i), depending on whether V2 € S ox not. In either 
case, fs{Di) contains and we can simply ignore the extra pebbles. 

Otherwise, going from Di to A+i requires a move from {ui,v) to {u2,v). li v G S the pebbles 
involved in this move add four pebbles to ui and two pebbles to U2 in fs{Di) and fs{Di^i), and if 
V ^ S, they add two pebbles to ui and one pebble to U2 in fs{Di) and fs{Di^i), respectively. The 
latter case simply requires a pebbling move from ui to U2 in G to get from fs{Di) to /^(Di+i); the 
former case requires two such moves. 
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In any of these cases, we can go from fs{Do) to a distribution that contains fs{Di) to one that 
contains /^(Di+i). Continuing this process, we reach a distribution that contains fs{Dk)- 

Now if \fs{D(j)\ < TT2t{G), there is some vertex x e V such that 2t pebbles cannot be moved 
onto X by any sequence of pebbling moves starting from /^(Do)- Therefore, we cannot reach any 
distribution Dk in GoG' for which {fs{Dk)){x) > 2t. In particular, for any s G 5, we cannot move t 
pebbles onto the vertex {x, s). □ 

Lemma 1371 tells us that if some copy of G in GoKn starts with a single pebble, then that pebble 
does not help us reach vertices in any other copy of G. 

Lemma 3.7 Let D : V{GoKn) 'N be a distribution of pebbles on GOKn, and suppose there is at most one 
pebble on some G^{vi}. Let D' be the distribution on GoKn obtained by removing that pebble, or let D' = D 
if there is no such pebble. Let S = V{Kn) \ {vi}, and let D" be any configuration of pebbles on GoS that we 
can reach from D. Then we can reach a configuration that contains D" starting from D'. 

Proof: If there are no pebbles on and D = D' , there is nothing to prove, so we assume there 

is a pebble on Gnjuj} in D. Paint this pebble gold, and assume it survives every pebbling move in 
the sequence from D to D" in which it participates. 

If the gold pebble never leaves Go{vi\, we can make the same moves in D' as in D and ignore 
the moves involving the gold pebble. Otherwise, let Vj be the vertex in Kn involved in the first move 
of the gold pebble from {x,Vi) to (x, Vj). We examine the moves by the gold pebble before it leaves 
Gu{vi}. Note that every such move consumes a nongold pebble that was moved onto j} from 
a different copy of G. Our approach is to move those pebbles to Go{vj} instead. 

Thus, from D' , we ignore all moves from D involving the gold pebble before it first leaves 
GO{vi}. We replace all other moves to, from, or within with moves to, from, or within 

Go{vj}, ignoring moves between Gnjt'j} and Go\vj}. Now the pebble that would have been re- 
moved from (x, Vi) when the gold pebble moved to (x, Vj) reaches (x, Vj) in place of the gold pebble. 
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This pebble can replace of the gold pebble on all subsequent moves. The result of these changes is 
that all pebbles that ended up on GoS starting from D end up on the same vertices starting from D', 
except that the gold pebble is replaced by a different pebble. □ 
Notation: Suppose we have a distribution of pebbles on GoKn- For each i with 1 < i < n, we let pi be 
the number of pebbles on Go{vi}, and we assume without loss of generality that pi < P2 < • • • < Pn- 
Theorem 13.81 gives the upper bound from Theorem |3.1| 

Theorem 3.8 For any graph G and any positive integer n, we have 7r*{GoKn) < 7r2j(G). Furthermore, 
equality holds when 2n > 7r2j(G) + 1. 

Proof: We first note that if L) is a 2f-solvable distribution on G, then placing D{x) pebbles on the 
vertex {x,vi) for every x ^ V creates a distribution from which t pebbles can be moved to the vertex 
(xj, Vj) since we can first move 2t pebbles to {xi,vi). Therefore, TrKGOKn) < 7r2^(G). 

Now suppose 2n > vr2^(G) + 1, and let D be a distribution on GOKn with 7r2j(G) — 1 pebbles or 
fewer. Then either pi = or pi = p2 = I; otherwise, we would have I < pi and 2 < p2 < P3 < ■ ■ ■ < 
Pn- But then \D\ > 2n — l > Tr2^{G), contrary to our assumption that D has at most Tr2t{G) — 1 pebbles. 

If pi = 0, then fi{D) has at most 7r2j(G) — 1 pebbles, so 2t pebbles cannot be moved onto some 
X ^ V starting from fi{D). Therefore, by Lemma |3^ we cannot move t pebbles onto (x, fi) starting 
from D. On the other hand, if pi = P2 = 1/ let D' be the distribution on GOKn with the lone 
pebble on Ga{v2} removed. Then \ fi{D')\ < vr2t(G) — 1, since the pebble on Go{vi} that is counted 
twice is offset by the pebble that is removed from Go{v2}. As before. Theorem 13. 6[ shows that t 
pebbles cannot be moved to some (x,fi) mV{GOKn) starting from D'. But now applying Lemma l3.7l 
with i = 2 shows that t pebbles cannot be moved to (x,wi) from D in this case either. Therefore, 
TrnCDi^n) = vr^t(G). □ 

Applying Theorem |3i8] inductively gives Corollary 13.91 
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Corollary 3.9 For any graph G, any positive integer t, and any sequence of integers ni, 712, . . . n^, we have 

T,l{GUKn,nKn,n. . . UKn,) < vr;,,(G). 

Furthermore, equality holds if2ni > iT*a^{G) + I for each m. 
Proof: We fix d and t, and prove by induction on k that 

TTl,_,^{GnKn,nKn,n. • • UKn,) < Trl,t{G), (1) 

and that equality holds when each rii satisfies 2nj > 7r*^^(G) + 1. The basis A; = is trivial, so we 
assume that ^ holds for some k with Q < k < d. Applying Theorem 13.81 and then applying ^ gives 

as desired. Furthermore, equality continues to hold if n^+i satisfies 271^+1 > 7r*^^(G) + 1. □ 
Corollary 3.10 For all positive integers t, and any product of d complete graphs, we have 

^t{Kn,nKn,n---nKn,) = 2<^t 

if and only if each rii > 2'^~^t + 1. 

Proof: Applying Corollary 13.91 with G equal to the trivial graph gives 7r*(i^„^ni^„2'^ " " " ^-^n^) < 
7r*d^(G) = Furthermore, equality holds when each rij satisfies 2ni > 2'^t + 1, or equivalently, 
ni > 2'^^^t + 1. On the other hand, if Ui < 2'^~^t for some i, we assume without loss of generality that 
ni < 2'^~H. Now applying Corollary|l9]with G = K^, gives 7r;(K„,ni^„2n • • • QK^J < 7r;,_ij(E:„J, 
and by Proposition |331 7r*d_i^(i<:„J < 2"^^ - 1 when ni < 2'^-H. □ 

We can now prove Theorem l3.ll 
Proof of Theorem 13.11 The upper bound is given by Theorem 13.81 To establish the lower bound, 
suppose we have a t-solvable distribution D oi P = Tr^{GoKn) pebbles on GoKn- Since pi < P2 < 
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••• <p„,wehavepi < |. Nowby LemmalU 7r*,(G) < \ fi{D)\ = P + p^<P + ^ = {^) P. Since 
P must be an integer, we have P > ( ) 7r2j(G) 



□ 

For the smallest of products, we are able to get exact results for all t. These exhibit a nice pattern 
that we will say more about subsequently. First we present an obvious proposition. 

Proposition 3.11 For any graph G and any positive integers s and t, we have 7r*_^^(G) < 7r*(G) + '/r^(G). 
Similarly, for regular pebbling, we have TTs+t{G) < T^siG) + T^tiG). 

Proof: We can place vr* (G) red pebbles and vr^ (G) blue pebbles on G in such a way that s red pebbles 
and t blue pebbles can be moved to any target vertex. 

For regular pebbling, we note that from any placement of vr^ (G) + vrt (G) pebbles, if we arbitrarily 
paint 7rs(G) pebbles red and 7rt(G) pebbles blue, then s red pebbles and t blue pebbles can be moved 
to any target vertex. □ 

Proposition 3.12 To find the optimal t-pebbling number of K2OK2, let q = t div 9 and r = t mod 9. Then 

3 ift = \ 

'kX(K2^K2) = { l6g + 2r ;fr G {0, 1, 2, 3, 4, 5} and t 7^ 1 
16g + 2r-l z/rG {6,7,8}. 
In each case except t = \, the lower bound from Theorem \3J] is tight. 

Proof: If t = 1, we note that two pebbles are not enough to reach every vertex: if we put them on 
different vertices, the unoccupied vertices cannot be reached, and if we put them on the same vertex, 
the antipodal vertex is unreachable. On the other hand, three pebbles are sufficient, since we can put 
two pebbles on {vo,vo) and one on {vi,vi). 

For 2 < i < 10, we consider Table [T] The second row of this table gives the lower bound for 
7r^(i^2n^2) from Theorem 13. 1[ and the last row gives a solvable distribution with the given number 
of pebbles. Therefore, the bound is tight. 
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Table 1: Computing ■kI{K2^K2) for 2 < t < 10 

Finally, for t > 11, we assume by induction on t that the lower bound is tight for t' = f — 9, and 
we show that 'K\{K2^i^'i) = vr^/(i^2D^2) + 16. Comparing the computation of the lower bound for 
7r;(K2ni^2) to that of ir*,{K2aK2), we have 2t = 2t' + 18, so 2t div 3 = 2t' div 3 + 6, and 2t mod 3 = 
2t' mod 3. Thus,7r|^(i^2) = 7r*^,(-ftr2) + 24, and the lower bound from TheoremHHgives 7r^*(i^:2nK2) > 
7r*,{K2aK2) + 16. On the other hand. Proposition l3ll] tells us that ttI{K2^K2) < ttI,{K2^K2) + 
■kI{K2^K2) = vr* (K2ni^2) + 16. Therefore, 7rJ'(i^2ni^2) = <,(K2ni^2) + 16, as required. □ 

We can compute 7r^(i^2D-f^3) similarly. 



Proposition 3.13 The optimal t-pebbling number ofK20K3 is 



7rt{K2DK3) = max 
In particular, if q = t div 6 and r = t mod 6, then 

7T;{K2aKs) = < 



I2q ifr = 

12q + 2r + 1 otherwise. 



Proof: For 1 < t < 6, we use Tabled For larger t, we note from Proposition l3.11l that 7r^,^g(i^2'^^3) < 
7rl,{K2aK3) +TTl{K2aK3) = TT*,{K2aK3) + 12, wMch agrees with the asserted lower bouud. □ 
Corollary 13.101 shows that for small values of t, the upper bound in Theorem 13.11 is tight for 
products of complete graphs. It was obtained by applying Theorem 13.81 inductively, with G being 
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t 


1 


2 


3 


4 


5 


6 


\ 4''^2tl-'^2; 1 


Q 
O 


K 
O 


u 


Q 


1 1 


1 9 




3 


4 


7 


8 


11 


12 


Optimal Distribution 


2,0,0 


2,0,1 


2,0,2 


2,2,2 


2,2,2 


2,2,2, 


P00,P01,P02/PW,Pll,Pl2 


1,0,0 


0,2,0 


1,2,0 


1,1,1 


2,2,1 


2,2,2 



Table 2: Computing 7r;(i^2°-?^3) for 1 < t < 6 

the trivial graph. If we apply the lower bound in Theorem 13.11 inductively with G being the trivial 
graph, we get a lower bound on the optimal t-pebbling number of a product of complete graphs. 
Theorem 13.151 shows that this lower bound is asymptotically tight as t gets large. We begin with 
Lemma |3ll 

j 

Lemma 3.14 Let ni,n2, . . . ,ndbe a sequence of nonnegative integers, and let Tj = JJ(nj + 1). Then for 

i=l 

any integer k, putting pebbles on each vertex ofG = Km ^Kn2 ^ • • • ^Kn^ creates a kTd-solvable config- 

d 

uration. Thus, 7:lrp^{G) = 2'^/cJJnj. 

i=l 

Proof: If d = the products are all empty, so Tq = 1 and G is the trivial graph. Clearly, putting k 
pebbles on the lone vertex gives an optimal fc-solvable configuration, as required. For larger d, we first 
show the specified configuration is /cT^-solvable. Toward that end. Let (xi, X2, • • • , Xd) be the target 
vertex in ii'^^nJC^^'^ ■ ■ ■ ^Kn^- If we have 2'^k pebbles on each vertex, then for each v G V{Kn^), 
we have 2'^"^(2A;) pebbles on each vertex of Kn^uKn^"^ ■ ■ ■ UKn^_^'^{v} = Kn^uKn^"^- ■ ■ '^Kn^_^. 
Therefore, by induction on d, we assume that we can put 2kTd-i pebbles on (xi, 2:2, • • • , Xd-i,v). But 
now we have 2kTd-i pebbles on (xi, 2:2, • • • , Xd-i,Xd) and we can move an additional fcT^-i pebbles 
from (xi, X2, . . . , Xd-i,v) to (xi, X2, . . . , Xd-i,Xd) for every vertex v 7^ x^. Thus, we can move a total 

d 

of {nd + l)kTd-^i = kTd pebbles onto (xi, X2, . . . , Xd-i,Xd), as required, and so vr^j'^(G) < 2'^A;JJ n^. 

1=1 
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Conversely, we know from Theorem 13.11 that 



rid 



rid + l 



Now 2kTd = 2k{nd + \)Td-i, and we may assume by induction on d that 



d-l 



d-l 



<kin,+i)T,.SKn,nKn,n. . . DKn,_,) = 2''-\2k{nd + l))]^ ^^ = '^"Knd + 



i=l 



4 = 1 



Multiplying this number by ^"^i gives an integer, so taking the ceiling is irrelevant. Therefore, 

d-l d 



i=l 



1=1 



which agrees with our upper bound. Therefore, 7r|j,^(i^n^nir„2n • • • OKn^) = 2'^A;JJ rij. 

i=l 

Theorem 3.15 Let ni,n2, ■ ■ ■ ,ndbe a sequence of nonnegative integers. Then 

d 

i=l + ^ 

d 

Proof: Let G = Kn^ UKn^ □ • • • n^n^, let T = J|(ni + 1), and let C be given by 

i=l 

C = max (t^UG) - . 
For any t > T, we can let q = t div T and r = t mod T. Then applying Proposition 13 . 1 1 [ we have 



□ 



From Lemma [3.141 we know that Tr*j,{G) = 2'^q]J rn = 2'^grJJ and from the definition of G, 

we have 



1=1 



4 = 1 



1=1 i=l i=l i=l 

d d 

Thus, < TT*t{G) - 2'^t]J < G, and so ttUG) G 2^f J| — ^ + 9(1), as desired. 



□ 



1=1 



i=l 
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4 Optimal Fractional Pebbling 

Fractional distributions and fractional pebbling moves were defined in [4J. These are continuous analogs 
of pebbling concepts. Moews [7J previously called them continuous distributions, and continuous peb- 
bling moves, and he defined the continuous optimal pebbling number of a graph. We give these definitions 
now. 

Definitions f4l: A fractional distribution on G is a function D : V ^ U {0}. Again, a distribution 
represents a placement of pebbles on the vertices of G, though we now allow a nonintegral number 
of pebbles. A fractional pebbling move consists of removing 2k pebbles from one vertex and adding k 
pebbles to an adjacent vertex. As in an integer-valued distribution, the size of D is given by |Z)| = 



y D{v), and D is fractionally solvable, (or simply solvable if there is no ambiguity), in case for every 
vertex v, it is possible to reach v with one pebble through some sequence of fractional pebbling moves, 
starting from D. 

Moews IZl defined the continuous optimal pebbling number of a graph, which we denote tx*{G). 
The optimal fractional pebbling number of the graph G, which we denote tt*{G), was defined in [H. We 
give these definitions now. 

Definitions SKtI: The continuous optimal pebbling number of a graph G, is the smallest number vf*(G) 
such that some fractional distribution D with \D\ = vf*(G) is solvable using fractional pebbling 
moves. The optimal fractional pebbling number vr* (G) is given by 



Theorem l4.1l was shown in fH. 

Theorem 4.1 (HJ) Every graph G satisfies Tr*(G) = 7f*(G). Furthermore, 7r*(G) is rational for any graph 
G and every graph has an optimal fractional distribution in which the number of pebbles on each vertex is 




7r*(G) =liminf 



t— >oo 



t 



rational. 



□ 
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Moews [7] proved Theorem I4.2[ and used it to give a nonconstructive proof of Theorem 14.31 which 
relates the optimal pebbling number of to the continuous optimal pebbling number of G. 

Theorem 4.2 (Moews 0) For all graphs G and G' , we have vr* {GuG') = tt* {G)t:* {G'). 

Theorem 4.3 (Moews Q) For all graphs G, we have tt*{G'^) G 0(r = 0((7r*(G))'^ • d'')for 

some constants c and k. 

Theorem |45] generalizes some of our results from Section |3l We begin with Lemma |4!4l 
Lemma 4.4 For every graph G we have irl (G) > vr* {G)tfor all t. 

Proof: Suppose by contradiction that there is some t such that vr^(G) < %:*{G)t. Let Dhea t-solvable 
distribution on G with |-D| = vr^(G). Then the fractional distribution t) given by b{v) = -^^^ for all v 
is fractionally solvable. So, 7f*(G) < < tt*{G), contradicting TheoremHH □ 
The definition of vr* (G) implies that vrj' (G) G vr* {G)t + o{t) . Here we tighten the lower order term. 

Theorem 4.5 For every graph G we have tt^ (G) G vr* (G)t + G(l). 

Proof: LetF(G) = {1^1,^2, • • • ,Vn} and let a and 6 be integers satisfying 7r*(G) = |. From Theorem l4H 
there is some fractionally solvable fractional distribution D onG with |Z)| = | such that D{vi) = y 
for some integers and 6j. Under t), if dist(t;j, f = 5, then 2"^ pebbles could be sent from Vi 
to Vj by making fractional pebbling moves toward Vj . Since D is fractionally solvable, every vertex v 
satisfies 



Let I = lcm(6i, b2, ■ ■ ■ , bn) and let k = 2'^l, where d = diam(G). Given an integer t, the division 
algorithm produces integers q and r such that t = kq + r = 2'^lq + r and < r < A; — 1. Consider the 




distribution L> on G given by D{vi) = kqD{vi) + r for all i. Under D, we have D{vi) 



( 




Iq + r 
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for all i. Since / is a multiple of 6j, D'{vi) = D{vi) — r is a multiple of 2"^. So, under the distribution D', 
it is possible to send 2'^~^lq pebbles from Vi to Vj. So, starting from D' , the number of pebbles 
that can be sent to a root v is given by 

^ 2d-dist{v.,v)^q ^ 2%Y, 2-'ii^^(''-^) > 2% = t-r. 

Thus, D' is [t — r)-solvable on G, meaning D is t-solvable on G. Since n and k are constants, we have 

7r;(G) < A;g(^)+nr < (^^) t + - 1) G r{G)t + 0{l). 

In connection with Lemma l44l this gives us the desired result. □ 
We note that 7r*(K„) = 7r*{K2aK2) = f , and Tf*{K2aK3) = 2 = f. Thus, these specific cases 
of Theorem l4.5l are witnessed by Theorem l3.3l and Propositions 13. 12l and 13. 13l respectively. 

5 Products of C5 

If we apply Theorem l43l to C5, we find tt*{C^) G 0{2'^d!^) for some constant k, since ti*{C^) = 2. 
However, Moews's proof of Theorem 14.31 was nonconstructive. It does not give distributions for 
small values of d, and it gives no information for small values of d. We give distributions that show 
that TT*{C^) £ 0(^5°'). We let the vertices of C5 be {vq, vi,V2,V3, V4}. We begin by finding i-solvable 
distributions At on CsQCs for t = 1, t = 2, and t = 4. 

Notation: We denote by Ai the distribution with four pebbles on {vo,vo) and two pebbles each on 
{v2,V2) and (^3, vs), by A2 the distribution with four pebbles each on {vq, vq), (^2,^2)/ and (^3, vs), and 
by A4 the distribution with 4 pebbles on each {vi,V2i mod 5)/ < i < 4. We write B for the jA^, i. e. 
the distribution with one pebbles on each {vi, V2i mod 5)- ^ is shown in Figure [T] (filled-in vertices are 
occupied, dark edges give the neighborhoods of the occupied vertices, and the edges wrap around 
in the obvious ways). 
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Proposition 5.1 For each t G {1, 2, 4}, the distribution At is t-solvable on 

Proof: First note that {f2, W3}n{f2, fs} = K20K2. We call these vertices the corners of the graph, 
imagining {vq,vo) to be the center. If we have two pebbles each on {v2,V2) and (^3, fa), we have the 
2-solvable distribution in Proposition l3.12l so two pebbles can be moved any of the corners, and one 
pebble can be moved to any vertex adjacent to these corners. The rest of the vertices are within two 
steps from {vo,vo), so they can be reached from the four pebbles from there. This takes care of the 
t = 1 case. 

For t = 2, we instead have four pebbles each on {v2, V2) and {vs, vs), so we can consider these to 
be two groups which each have two pebbles on both {v2,V2) and (^3, fs). Therefore, we can put four 
pebbles on any corner. Then the vertices whose distance from {vq, vq) is zero or one can receive two 
pebbles from that vertex. The vertices whose distance from {vq, vq) is three or four can receive two 
pebbles from the nearest corner, and those whose distance from {vq, vq) is two can receive one pebble 
from {vq,vq) and one from the nearest corner. 

When t = A, the symmetry of A4 allows us to consider only one target, say {vq, vi). This vertex 
can receive two pebbles from {vq, vq), and one each from (^3,^1) and {vi,V2). □ 

Theorem 5.2 Let G he any graph and let D be a t-solvable distribution on G in which the number of pebbles 
on every vertex is a multiple of four. Then the distribution B ■ D is a t-solvable distribution in (CsnCs)^^ in 
which the number of pebbles on every vertex is a multiple of four. Note that the number of pebbles in B ■ D is 
5\D\. In particular, by induction on m, we have tt^ (C|™nG) < 5™|-D|. 

Proof: Let the target vertex in C5OC5OG be {vi, Vj,y). Since D{x) is a multiple of four, we write 
for the distribution with jD{x) pebbles onx e V, and we write ^1/4 for the set ^1/4 = Now 
B ■ D = (45) • (Id). By Proposition EH iB is 54(C5 DCs) -solvable, so by Theorem O B ■ D is 
(54(C5nC5) • 51/4) -solvable in C^OC^OG. That is, from B ■ D we can reach the distribution in which 
4 {iDivk)) = D{yk) pebbles are on {vi,Vj,yk) for every G V. But now the distribution on the 
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Figure 1: The distribution B on CsDCs 

vertices in {vi,Vj)OG = G is D. Since D is t-solvable, we can put t pebbles on {vi, Vj,yk)- Clearly, 
{B ■ D){{vi,Vj,yk)) = B{{vi, Vj))D{yk) is a multiple of four, since D{yk) is a multiple of four. □ 

Corollary 5.3 For all integers m>0,we have tt* (C|™+^) < 4 • 5"^. 

Proof: We apply Theorem l5.2l to the distribution with four pebbles on a single vertex of G = C5. □ 
A natural question at this point is what bounds we can get for ■k*{C^"^). We create a solvable 
distribution F on C5, and we use F to start an induction with Theorem 15.21 for even products similar 
to the argument for Corollary 15.31 

Notation: Let F be the distribution of 44 pebbles on C| given by 

A4{vk,Vm) ifi = j = 

F{vi,Vj,Vk,Vm) = { A2{Vk,Vm) if 1 = j = 2 OT i = j = 3 

otherwise. 

Note that if we denote the empty distribution by Aq, then we may more simply write 



F{vi,Vj,Vk,Vm) = Ar{vk,Vm), 



where r = Ai{vi,Vj) 
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Proposition 5.4 Every occupied vertex in F has four pebbles, and F is solvable in C|. 

Proof: Every occupied vertex of both B and A2 has four pebbles in so this holds for F in 

C5 as well. To show F is solvable, let the target vertex in C5 be {vi,Vj,Vk,Vm)- By construction, the 
distribution of pebbles on [vo,vo)aC50C5 = C^oC^ is B. Therefore, by Proposition lS.li four pebbles 
can be moved to {vo,vo, Vk, Vm) using only the pebbles on [vq, vo)oC50C5. Similarly, and simultane- 
ously, by Proposition lS.li two pebbles can be moved to both {v2,V2,Vk,Vm) and (^3, V3,Vk,Vm)- At this 
point, the distribution of pebbles on C50C^o[vk,Vm) = is Ai, so one pebble may be moved 

to {vi ,Vj,Vk,Vm), again by Proposition lS.li □ 
The use of Theorem IS.2I on the distribution Ai would give a better coefficient of | in the Theo- 
rem lS.St however, Ai does not qualify since some vertices get only 2 pebbles. 

Theorem 5.5 We have tt* {0^"") < 11(5"^). For all d> 1 we have tt* {CD < ^(5^) G 0(^/5^'). 

Proof: l{ d = 2, Proposition [Sl] shows that ■k*{C^UC^) < 8 < ^. If d = 4, Proposition |53] shows 
that ^*(C|) < 44. For d = 2m with m > 2, Theorem El implies that 7r*((7|") = t:* {cf"''^'^ nC^) < 
gm-2|^| _ 44|-gm-j gy-^^e || < the second part follows for even d. 

If d = 2m + 1, Corollary |53] gives us ■k*{C^) < 4 • 5"" = 4 • 5^ = -^(5^ ). □ 
We can generalize the construction of F and the proof of Proposition l5.4l to obtain Theorem l5.6l 

Theorem 5.6 Let S be a set of distributions on G, suppose D is an S-solvable distribution, and suppose 
{D'^}r>i is a family of distributions on G' such that each D'^. is r-solvable. Let A : V{GoG') 'N be the 
distribution on GoG' defined by 

Then A is {S ■ Si{G'))-solvable in GuG' . That is, for any distribution D £ S and any vertex w £ V',a copy 
of D can be moved to the vertices ofGu{w}. 



11 



Proof: Let w be the chosen vertex in G' . Then for any v V, restricting A to the vertices {v}oG' gives 
the distribution D^^^^^ in {v}oG'. Since ^^(t,) is D(w)-solvable in G', we can move D{v) pebbles to 
{v,w) for each v € V. After these moves, the distribution of pebbles on Go{w} is D. Since D is 
5-solvable, we can put a copy of any D e S on Go{w}, as desired. □ 
We note that the proofs of Corollaries 12.61 and 12.71 essentially involved letting each Dr = rD', 
where D' is the distribution of pebbles on G' defined in the proof of Theorem 12.31 Corollary 15.71 is a 
stronger result. 

Corollary 5.7 Let S be a set of distributions on G, and suppose D is an S-solvable distribution. Then for any 
graph G' , we have 

7r*{GaG',S-Si{G'))<Y,^*D(.)iG'). 

Proof: We simply apply Theorem 15.61 and use a family of distributions {D'f} in which each D'^ is 
optimal, i. e. \D'^\ = n^iG'). □ 

6 Hypercubes 

In this section, we give optimal pebbling distributions on the d-dimensional hypercube Q"^ = 
We consider the vertices of Q'^ to be all bitstrings of length d, or equivalently, all vectors in the d- 
dimensional vector space F2 over the two-element field F2. There is an edge between two vertices 
when the Hamming distance between the corresponding bitstrings is 1. Given two bitstrings vi E 
y(Q'^i) and V2 G V{Q'^'^), we write vi • V2 for the bitstring in V {Q'^^^''-'^) obtained by concatenating 
the bits in vi and V2. We also write O'' and l'^ for the bitstrings 00 ... and 11 ... 1, respectively, and 
we call the number of I's in a bitstring its weight. 

Since the continuous optimal pebbling number of K2 is tt* (ETa) = |, Theorem iJimpl ies Theo- 
rem l6.1l which Moews also proved directly. 
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Theorem 6.1 (Moews |7|) The optimal pebbling number of Q'^ satisfies tt*{Q'^) G O ^| d^j for some con- 
stant k. 

Theorem 16. 1 1 gives the best known bound for hypercubes, but it does not give explicit distributions, 
which is our aim. The d*^ root of Moews's result tends to about 1.33, and Proposition 16.21 gives an 
example, the d*^ root of whose size is roughly 1.41. Our new construction in Theorem 16.71 improves 
that number below 1.38. Proposition |6.2| gives a solvable distribution on for all d. These were first 
given in Pachter, Snevily, and Voxman l8l . 

Proposition 6.2 (Pachter et al. [S\) If d = 2k, the distribution on Q'^ obtained by putting 1^ pebbles on O** 
and 2^~^ pebbles on \^ is solvable. If d = 2k + 1, the distribution on Q'^ given by putting 2^^ pebbles on both 
0^ and is solvable. Thus, the optimal pebbling number of a hypercube satisfies 

■K*{Q'^^) < 3 • 2'=-! 
7r*(Q2fc+i) < 2^+1. 

In particular, ■k*{Q'^) G 0(25) = 0{^ff). 

Proof: In both cases whether d is even or odd, every vertex whose weight is at most k can receive at 
least one pebble from the pebbles on 0**^ in the given distribution, and every vertex with larger weight 
can receive a pebble from those on 1**^. □ 
We give a construction for extending the distributions in Proposition l6.2l to distributions on larger 
cubes with better asymptotic bounds than those in the Proposition. This construction is based on an 
argument similar to the proof of Theorem 15 . 61 using distributions on K2 obtained from Theorem 13.31 
First recall the distributions on K2 from Theorem |3.3t we will use these in Theorem |6.4[ 
Definition: We let V be the family V = {Dr}r>i of distributions on K2 given by 

D3k{xo) = 2k D^k+iixo) = 2k + 2 D^k+2{xo) = 2k + 2 

D^k{xi) = 2k D3k+i{xi) = 2k D3k+2{xi) = 2k + l 
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Proposition 6.3 Each Dr is r-solvable, and in each case, we have \Dr\ = j"^] < |r + |. 

Proof: Each Dj. is the r-solvable distribution from the proof of Theorem 13.31 Counting pebbles, we 
have \D^k\ = 4fc, l-Ds/t+il = Ak + 2, and |-D3fc+2| = 4A; + 3. In each case, \Dr\ = |"|r] . □ 
In the spirit of Theorem 15.61 we want to extend a solvable distribution D on a graph G to a 
distribution D' on G^K2. We hope that \D'\ Unfortunately, the extra | in Proposition l6.3l can 

cause problems. For example, if D has a single pebble on a large number of vertices, those pebbles 
each give rise to two pebbles in D' . We can get an extra | for each occupied vertex in D. We define 
the sup-port of D to keep track of this information. 

Definition: The support of a distribution D on the graph G, denoted (t{D), is the set of occupied 
vertices in D; i. e. a{D) = G V{G) : D{v) > 0}. 

Theorem 6.4 Let D be a t-solvable distribution on Q'^. For each v G V{Q'^), define D'(v • 0) and D'iy ■ 1) 
hy 

Z)'(vO) = Z)b(v)(xo) 

Then D' is t-solvable on Q'^~^^. Furthermore, the number of pebbles in D' is at most ||Z)| + ||cj(Z))|, and 
\a{D')\ < 2\am- 

Proof: Let the target in Q^'+i be v • where v e ViQ"^) and b G {0, 1}. For each Vj G ViQ"^), the 
distribution of pebbles on VinK2 — K2 is D£)(^^y Since this distribution is Z)(vi)-solvable in K2, we 
can put i5(vi) pebbles on Vj • h. If we do this for each Vi G V{Q'^), the distribution of pebbles on 
Q'^L\{h} = Q'^ is D. Since D is t-solvable on Q'^, we can put t pebbles on v • 6. The total number of 
pebbles in D' is 

\D'\= 5: D'i.)= 5: |Z^^(.)|< (^^(^) + D=^l^l + ^l-(^)l- 

v6ct(D') veo-(r>) v6o-(-D) ^ ^ 

Finally, a{D') C o-(i:>)n{0, 1}. □ 
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Theorem [63] describes what happens when we apply Theorem l6.4l repeatedly. 



Theorem 6.5 Let D be a solvable distribution on a graph G with s = \a{D)\, and let Dm be the result of 
applying Theorem m times to D. Then Dm is a solvable distribution on GnK™ — GoQ"^ such that 
W{Dm)\ < and \Dm\ < (1)"" \D\ + 2'"s - (f)"" s. 

Proof: There is nothing to show if m = 0, so we suppose by induction that for some i > 0, Di is 
a solvable distribution on GnQ^ with |A| < (|)' 1^1 + 2*s - (|)%, and |(t(A)| < 2^|o-(L>)|. Then 
applying Theorem |6.4| to Di, we find that Dj+i is a solvable distribution on GnQ'^^ with |cj(Dj+i)| < 
2\a{Di)\ = Furthermore, we have 



|A+i| < ^|A| + ^k(A)| < \ 



3 I \D\+2''s 



4 

3' ' 



+ |(2'.). 



Multiplying through by the | and noting that |(2*s) + 5(2*5) = 2*+^s, we have 



A+il < 



4\i+i 4 /4\*+^ 2 /4^*+^ 



D\+2'+'^s 



completing the induction. 



□ 



Corollary 6.6 Let Dq be the distribution with 2'' pebbles on both o^''+-'- and i^k+i Q^fc+i^ 
the resulting distribution in Q'^k+m+i obtained by applying Theorem \6^ m times. Then 



\Dm.\ < 



A;+l\ 1 nm+l 



(2'''+^) + 2 



Proof: We apply TheoremOto Dq, noting that \Do\ = 2^+^ and s = \a{Do)\ = 2. □ 
For large m, the term 2 (|)"^ in Corollary |6.6| is small compared to 2"*+^. By controlling the rela- 
tionship between k and m, we can ensure that the first two terms are roughly equal. Using logarithms 
to solve the equation (1)" (2^'+^) w 2*"+^ or 2^" « (I)™ = LS™ together with the observation that 
d = 2k + m + 1. we obtain the constants in Theorem 16.71 
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Theorem 6.7 Given an integer d, let k = }°g^ 45 {d — 1) ~ 0.2696(d — 1), and let m = d — 1 — 2k 
0.4608(d — 1). Then the distribution Dm on Q2fc+m+i _ Qdj^ygj^ Corollary \6.6\ with these values ofk and m 
satisfies \Dm\ G 0(2™) « 0(1.3763'^). 

Proof: We define KandMhyK = ^^^{d - 1) and M = j^^id - 1). We note that 

2K + M='''^^'-'^\d-l) = '''^^^'-''-'\d-l) = d-l. 
logs 4.5 log2 4.5 ^ ' 

Since k= \K], we have K < k < K + I, and since 2k + m = 2K + M, this impHes M - 2 < m < M. 
Furthermore, K = Mlog2 1.5; therefore, 2^ = 1.5^^, or equivalently, (|)^^ 2^ = 2^K In particular, 
G((|)"^2'=) = e((|)'''2^) = 6(2*0 = e(2™). Thus, (|)™ (2^^+^ + 2-+i G e((|)'"2'=). From 
Corollary EH this impUes that | | G O ( 2™ ) = O ( 2*^ « O ( 1 . 3763^^ ) . □ 
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